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Abstract 

We study the quantum moduli space of vacua of N = 2 supersymmetric SU(N C ) 
gauge theories coupled to Nf flavors of quarks in the fundamental representation. We 
identify the moduli space of the N c = 3 and Nf = 2 massless case with the full spectral 
curve obtained from the Lax representation of the Goryachev-Chaplygin top. For the 
case with massive quarks, we present an integrable system where the corresponding 
hyperelliptic curve parametrizing the Laurent solution coincides with that of the moduli 
space of N c = 3 with Nf = 0,1,2. We discuss possible generalizations of the integrable 
systems relevant to gauge theories with N c ^ 3 and general Nf. 
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For last several years important progress has been achieved in understanding the 
structure of iV = 2 supersymmetric gauge theories |], 0. The low energy description 
of these theories can be encoded by Riemann surfaces or complex algebraic curves and 
the integrals of meromorphic one differentials over the periods of them. Exact effective 
actions of these theories can be described by holomorphic functions, so-called prepo- 
tentials. There are many works which connect these low-energy effective theories with 
known integrable systems. Let us recall some known facts which are relevant to the 
problems we address in the present paper. To relate effective theories with integrable 
systems, one needs averaging over fast oscillations, i.e. Whitham averaging. It has been 
analyzed in Ref.|| that the periods of the modulated Whitham solution of periodic 
Toda lattice give rise to the mass spectrum in the BPS saturated states. Furthermore 
in Ref. @] this framework of Whitham dynamics for the Toda lattice was generalized to 
other gauge groups. For the case of SU (N c ) gauge theory with a single hyper mult iplet 
in the adjoint representation, the corresponding integrable system was found in Ref. || 
and was recognized to be the elliptic spin model of Calogero||. This connection has 
been developed in Ref. [0] by identifying the coupling constant of Calogero system with 
the mass of a hypermultiplet in the adjoint representation, starting from the Lax oper- 
ator for the Calogero model and calculating the full spectral curve explicitly. What was 
lacking so far was the integrable system related to gauge theories coupled to massive 
hypermultiplets in the fundamental representation. 

In this letter, we will consider N = 2 supersymmetric SU(N C ) gauge theories with 
iV c colors and Nf flavors. The field content of the theories consists, in terms of N = 1 
superfields, a vector multiplet W a , a chiral multiplet $, and two chiral superfields Q l a 
and Q ia where i — 1, • - • , Nf and a = 1, ■ • ■ , N c . The superpotential reads, 



where m^'s are the bare quark masses and color indices are suppressed. The curve 



Nf 
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representing the moduli space with Nf < N c case is as follows 0: 

N c N f 

y 2 = - E^^) 2 - ^ N r Nf IK* + (2) 

i=2 i=l 

where the moduli itj's are the vacuum expectation values of a scalar field of the N = 2 
chiral multiplet, and m/s are the bare quark masses. It turns out that from the point of 
view of integrable theory, U{S correspond to the integrals of motion. The second term in 
Eq.(0) is due to the instanton corrections. For the N c < Nf < 2N C case, the correction 
due to matter is different and the curve is given as follows ||: 

/ N c A 2N c-N f Nf~N c * 2 



i=2 ^ i=0 ji<-<ji 

N f 



-A 2 N N ;- Nf m* + ^)- (3) 

8=1 

Clearly the case of Nf = corresponds to the periodic Toda lattice with iV c -particles, 
after an appropriate rescaling of the variables 0: 

y 2 = P Nc (x) 2 - 1, (4) 

where P n (x) is a polynomial of order n whose coefficients are Schur polynomials of the 
Toda lattice. Nf ^ cases are described by the following type of curves from Eq.@: 

y 2 = P n {xf -Q m {x), (5) 

where Q m (x) is a polynomial of order m(= Nf). It is natural to ask which integrable 
theories have such spectral curves. Our motivation is to identify the description of gauge 
theories with the data from the integrable theory on the line of Refs.|| (|, [|, ^, 0]. We will 
start with the known case of y 2 = P^{x) 2 — ax 2 (a is some constant) which corresponds 
to the so called Goryachev-Chaplygin (GC) top, first introduced by GoryachevQ] and 
later integrated by ChaplyginJTOj in terms of hyperelliptic integrals. It has been noted 



in Ref. Ill that there exists such a connection. 
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Let us review the classical mechanics of rotation of a heavy rigid body around a fixed 
point, which are described by the following Hamiltonian: 



The phase space of this system is six dimensional : Mj's are the components of the 
angular momentum and Pi are the linear momenta. The Poisson brackets of these 
variables are given by 



{Mi, Mj} = e ijk M k , {Mi,pj} = e ijk p k , {pi,Pj} = 0, i,j, k = 1, 2, 3. (7) 



where e^h is an antisymmetric tensor. I^I^^I^ are the principal moments of inertia of 
the body and 71, 72, 73 are the coordinates of the center of mass. There are four known 
integrable cases for the Hamiltonian in Eq.(||). There is always one obvious integral of 
motion, the energy. It is necessary to get one extra integral independent of the energy 
for complete integrability according to Liouville's theorem ||12j[. 

1) Euler's case (1750): 7l = 72 = 7s = 0. The extra integral is M\ + Mf + Mf . The 
symmetry group is 5*0 (3). 

2) Lagrange's case (1788): l\ = I2.I1 = 72 = 0. The new integral is M 3 . The 
corresponding symmetry group is 50(3, 1). 

3) Kowalewski's case (1889): I\ = I2 = 2/3,73 = 0. The extra integral can be found 
by the Painleve test or the Kowalewski's asymptotic method. Here the symmetry group 
is 50(3,2). 

4) Goryachev-Chaplygin's case (1900): h = I 2 = 4J 3 ,7 3 = and M x p x + M 2 p 2 + 
M3P3 = which leads to a new integral of motion. This is a system which can be 
integrated in terms of hyperelliptic integrals after separation of the variables. In doing 
so, we obtain the following curve, 



H(M,p) = — x - + — 2 - + — %■ + 71P1 + I2P2 + 73P3- 



(6) 



1 ^2 ^3 
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where // is a parameter, H and G are the Hamiltonian and the GC integral The 
equations of motion of the GC top with some rescalings are as follows : 



M 1 = 3M 2 M 3 , M 2 = -3M 1 M 3 - 2p 3 , M 3 = 2p 2 , 

p\ = AM 3 p 2 - M 2 p 3 , p 2 = M lP3 - 4M 3 pi, p 3 = M 2Pl - M lP2 , (9) 

where • means the time derivative. The curve in Eq.(|J) can also be obtained from the 
Lax operator for the GC top[Q. It turns out that the Lax operator is related to that of 
the Kowalewski top in the 4x4 spinor representation of 5*0(3, 2) ~ Sp(A). Although the 
underlying structure is not fully understood yet, the Lax operator for the GC top is then 
obtained by removing the first row and column of the Lax operator for the Kowalewski 



top and is given as follows [|14 
/ 



L(z) 





ip 3 /z 



-ip 3 /z 
2iM 3 



-M 2 - iM 1 2iz + (p 2 + ipi)/z 



M 2 - iMi 
-2iz + (p 2 -ipi)/z 
-2iM 3 



(10) 



This Lax operator depends on the phase space variables, Mi,pi and on the spectral 
parameter, z. Then we can show that the Lax equation L = [L, A] gives the equations 
of motion with the following matrix A: 



( 



A(z) 



\ 



3iM 3 M 2 - iM 1 

2iM 3 -2iz 



V 



-M 2 - iM 1 2iz -2iM 3 



Now it is easy to calculate the spectral curve from the equation C : Det(L(^) — xl) = 
which gives the spectral curve as follows: 

A 2 



x A + 2xH - 2iG - x(Az 2 + 



0. 



(12) 
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where H = ±(M 2 +Mf +4Mf) -2pi is the Hamiltonian, and G = M 3 (M 2 + M 2 2 ) + 2M l p 3 
is the GC integral. We also have the following constraints: 

pl+pl+pl = A 2 , and M lPl + M 2 p 2 + M 3 p 3 = 0. (13) 

Now we see that the spectral curve depends on the special combinations of Mj,pi's, 
which are nothing but the integrals of motion. By introducing y = x(Az 2 — ^), we thus 
get 

y 2 = (x 3 + 2Hx - 2iG) 2 - 16AV, (14) 

which are the same as Eq.@ with some rescalings. To relate this to the curve of 
super symmetric gauge theory we make the following substitutions: 

H^-\u 2 , G^- l -u 3 , A 2 — > ^^2, (15) 

and it is easy to see that Eq.(p^) exactly coincides with Eq.fl2|) for the particular case of 
A^c = 3, Nf = 2 and mi = m 2 = 0. 

Since we have seen the intimate relation between the GC top and the supersym- 
metric SU(3) gauge theory with two flavor massless hypermultiplets, it is natural for 
us to extend this to the massive case. For this purpose we need an integrable system 
which has both the GC top and the three body Toda lattice as particular limits, because 
the latter corresponds to pure gauge theory with no matter. The Hamiltonian system 
which realizes this is hard to imagine, but there exists a system of coupled seven nonlin- 



ear differential equations in mathematical literature |L5]. This system has the following 
"equations of motion" : 

i\ = -8z 7 , z 2 = 4:Z 5 , 

z 3 — 2(z 4 z 7 — 25^6)5 £4 = 4:Z 2 z§ — z 7 , 

z \ — z 6 ~ ^ z 2 z Ai z 6 — ~ z l z 5 + 2^2^7? 

Z 7 = Z X Z A - 2z 2 z 6 - 4z 3 , (16) 
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and the following five constants of motion: 

6a = Zi + 4^ — 8^4, 

2b = z x z 2 + 4z 6 , 

c = z\ + z\ + z 3 , 

d = z 4 z G + z 5 z 7 + z 2 z 3} 

e = z% + z 2 - Z!Z 3 . (17) 



Although the Lax operator for this system is not readily available, we can still apply 
the asymptotic method due to Kowalewski to this system and take Zi = t~ Ui J^JLo AjV 



where n^s are positive integers |T6|, fLo] . Substituting these Laurent expansions into the 
system of Eqs. flltf ) and (|17D , one finds rij = 1 for i = 1, 2, 3, n« = 2 for i — 4, 5, 6, 7 and a 
relation between the coefficients of Ays. Then we obtain the Laurent solutions for this 
system with seven parameters, five of which are from the constants of motion, a, b, c, d, e 
and two additional ones x and y where they satisfy the equation for an hyperelliptic 
curve |T5|: 

y 2 = P(x) 2 -AQ(x). (18) 

Here the polynomials of x are P{x) = 2x 3 — 3ax+b and Q(x) = 4cx 2 +4dx+e. We clearly 
see that with the following substitution this gives the algebraic curves given in Eq.(fJ) 
of iV = 2 supersymmetric SU(3) gauge theories with massive quarks of two flavors of 
masses m x and m 2 : 

2 

V -> 2y, a -> -u 2 , b -> -2w 3 , 
1 A 4 

c — > -A2, d — > —^-{nii + m 2 ), e — >• A^m^. (19) 

When we consider the case of c = 0, then this leads to gauge theory coupled to one 
massive quark of mass m\ or massless one(Nf = 1) after the substitution: 

2 

V -> 2y, a -> -« 2 , -> -2w 3 , 
A 5 

d -> -p e -> Afmi. (20) 
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For the case of c = d = 0, the following transformations gives us to the usual periodic 
Toda lattice with three particles: 

i 

~ qi , z 4 = - (e q2 - q3 + e q3 ' qi ) , 
8 ^ ' 

- qz - e«) , z 6 = l - (p 2 e q ^ + Pl e<") , 
-11 _ Pl e q *- q A . (21) 

Here the q^s are the coordinates of the Toda particles and p^s are corresponding mo- 
menta. Using Eq. fl2~T|) , it is easy to see that the remaining integrals of motion can be 
written as those of the periodic Toda lattice: 

-6a = I^ + ^e^+S 
/ i=i j=i 



Z\ = 


_ e qi-l2 






Z3 = 


— e 92 " 
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Z5 = 


-!(«- 


Zl = 


1 (P2e qz 



% / 

2b = -- \P\P2pA —P ■ "' - l>2 ( '"' " -!>:<< 



I //I !/•)!/'-! I / I 1 

1 
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where a and h are now proportional to the Hamiltonians of Toda system. 



(22) 



It can be easily checked that this extended integrable system reduces to the GC top 
when we take d — e = 0, and this is achieved by the following transformations: 

zi = Ml + Ml z 2 = M 3 , z 3 = ^pj, 

z± = -zPu z 5 = l;P2, z 6 = ^Mxp 3 , z 7 = ^M 2 p 3 . (23) 
From fllTD , we can identify a, b, c in terms of H, G, A as follows: 



H G X 2 . . 

°=3' 6= 2' C= T' (24) 

Of course, Eq. ([16]) becomes Eq.@. This is the mi = m 2 = case, as we see from 
Eq. flT9|) . So the system of equations in Eq.(16) has both the Toda lattice and GC top 
as particular limits. 



There are still several issues to be studied further. It was already noticed in Ref.|| 
that Whitham solution which is necessary to produce the effective action for slow vari- 
ables plays the important role of nonperturbative analog of renormalization group ap- 
proach of perturbative quantum field theory. If one wishes to obtain the prepotentials 
which are needed for exact effective action in supersymmetric gauge theory, we should 
consider quasiclassical r fuctions in the context of integrable theory as in the case of pure 
gauge theory [|l7j]. It would be interesting to find out intimate relation between them by 
using the explicit form of Baker- Akiezer function for GC top[Ll]. In fact, in Ref.[r8], the 
Whitham equations for SU(N C ) gauge theory with Nf matter were considered, where 
to make connection with the gauge theory, all but one of the "time" variables was set 
to zero for the massless case. This is consistent with the form of the Baker-Akiezer 



function of GC top|14| which depends only on one time variable t. There are algebraic 
curves for higher rank cases with generic N c and Nf, as given by Eqs.(Q) and The 
obvious thing to do would be to obtain a 'higher' dimensional generalization of GC top, 



at least for the massless cases. There in fact exists multi-dimensional generalization! 19 



of Kowalewski top, by using the Lie algebra based on SO(p,q) where the top is in p 
dimensional under q different constant fields. However, the spinor representation which 
was crucial in obtaining the Lax operator for GC top, is not available in higher dimen- 
sions. Furthermore, the mysterious fact that removal of the first column and row in the 
Lax operator of Kowalewski top is related to GC top is yet to be understood for the 
generalization to the higher dimensional cases]]. Nevertheless, with all the results from 
supersymmetric gauge theories pointing to the existence of higher dimensional general- 
izations, it is quite tempting to speculate that there exists higher dimensional GC top. 
As regards the massive cases, better understanding of the variables, z^s(i = 1, ■ • • , 7) in 
Eq.flilf) are needed as well as the symmetry of the system. In this respect, the relation to 
the quadratic algebra might shed further light in the problem in Refs. p0| , pT| . Of course 
it would be nice to find similar integrable theories for other gauge theories coupled with 
real matter. 



^We thank A.I. Bobenko and M.A. Semenov-Tian-Shansky for correspondences on this matter. 
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